We study the geometry of Engel structures, which are 2-plane fields on 4-manifolds satisfying a generic condition, that are compatible with other geometric structures.
Introduction
A distribution is a subbundle D Ă T M of the tangent bundle of a manifold M . We will consider certain distributions with special properties, for example, distributions with some integrability conditions. We will study Engel structures, which are certain non-integrable distributions defined on 4-manifolds. We will see that, locally, all Engel structures are isomorphic but the global theory of Engel structures is not trivial. A 4-manifold can carry many nonisomorphic Engel structures [13] . There are relations between contact structures on 3-dimensional manfiolds and Engel structures. For example, V. Gershkovich [13] proved that each Engel manifold carries a canonical onedimensional foliation and an Engel structure defines a contact distribution on any three-dimensional submanifold transversal to the canonical foliation.
We will solve the equivalence problem for Lagrangian Engel structures and present the classification of compact quotients of homogeneous Lagrangian Engel structures. Engel structures (to be defined below) can be characterized in terms of the derived system construction. Proposition 1.1.
[2] Given a Pfaffian system I, there exists a bundle map δ : I Ñ Λ 2 pT˚M {Iq that satisfies δω " dω mod pIq for all ω P ΓpIq. Now we present the definition and characterization of Engel structures.
Definition 1.2 (Engel Structure). Given a 4-manifold M and a Pfaffian system I Ă T˚M , an
Engel structure is a sub-bundle D " I K of the tangent bundle of M that satisfies: p1q I is of rank 2, 2 I p1q is of rank 1 and 3 I p2q " 0. A manifold endowed with an Engel structure D " I K is called an Engel manifold. Definition 1.3. Given an ideal I generated by a Pffafian system I, a vector field ξ is called a Cauchy characteristic vector field of I if ξ ⌟ I Ă I. At a point x P M , the set of Cauchy characteristic vector fields is
Geometry of Lagrangian Engel Structures
A coframing ω " pω 1 , ω 2 , ω 3 , ω 4 q such that the symplectic structure can be written as Ω " ω 1^ω3`ω2^ω4
while I " xω 1 , ω 2 y and I p1q " xω 1 y will be said to be 0-adapted to pM, Ω, Dq. 
Proof. Assume pω 1 ,ω 2 ,ω 3 ,ω 4 q is a new coframing and the Engel structure in the new coframing is I " xω 1 ,ω 2 y and I p1q " xω 1 y. According to the definition of a coframing on a manifold, there exists a matrix
where B 11 , B 12 , B 21 , B 22 are 2ˆ2 matrices. Since I " xω 1 ,ω 2 y " xω 1 , ω 2 y , the block B 12 " 0.
where I 2 is the identity matrix of dimension 2. To keep the symplectic structure invariant under the transformation, the matrices B ij satisfy
Define S " B T 11 B 21 . Then from (2), S " S T . The element of the structure group can be written as
ff .
Since I p1q " xω 1 y " xω 1 y, B 11 must be of the form
ff , where b 11 , b 21 , b 22 can be any functions.
Therefore, the structure group is of the form (1).
A Lagrangian Engel structure defines a G-structure, where G is defined by (1) . We will prove that after reduction of the structure group, the manifold with a Lagrangian Engel structure belongs to at least one of the following categories:
1. the manifold is not compact 2. there exists a canonical coframing for the Lagrangian Engel structure on the manifold Suppose I " xω 1 , ω 2 y, I p1q " xω 1 y and I K is an Engel structure, then
By (3), there exists a function A ‰ 0 such that
We can arrange A " 1 by dividing ω 2 by A. Such coframings will be said to be 1-adapted. They are the sections of a G 1 -structure, where G 1 Ă G is defined by 
By (3), there exist functions p 3 and p 4 such that
and at least one of p 3 and p 4 is nonzero. Since we will mainly focus on the classification of homogeneous Lagrangian Engel structures, we will study the cases where either p 3 " 0 or p 3 never vanishes.
Recall that the symplectic structure is Ω " ω 1^ω3`ω2^ω4 . By (6),
If the coframing is changed under the structure group G 1 , the function p 3 is changed to b´5 22 p 3 . Thus p 3 is well-defined up to scaling by b´5 22 . By (6) 
Geometry of Lagrangian Engel Structures in Generic Case
In the generic case, we have the following theorem:
Theorem 2.2 (Lagrangian Engel Structures in Generic Case). Given a symplectic manifold pM, Ω, Iq with a symplectic structure Ω and an Engel structure D " I K . On the domain where p 3 ‰ 0 in equation (7), there exists a unique 0-adapted coframing ω " pω 1 , ω 2 , ω 3 , ω 4 q satisfying
where a, b, c, e, f are functions on M .
Proof. Under the transformation of the structure group, the structure equation is transformed to
By scaling ω 1 via b 5 22 , we can arrange p 3 " 1. This fixes b 22 " 1. By adding a multiple of ω 4 to ω 3 , we can arrange p 4 " 0. This fixes b 21 " 0. The structure equation is
The element of the structure group reduces to the following form
Recall that dω 2 " ω 3^ω4 mod ω 1 , ω 2 . Thus there exist functions v 3 and v 4 such that
By adding a multiple of ω 2 to ω 3 , we can arrange v 4 " 0. This fixes S 12 " 0. By adding a multiple of ω 2 to ω 4 , we can arrange v 3 " 0. This fixes S 22 " 0. Thus
From equation (9), there exist functions u 2 , u 3 , u 4 such that
group of the coframing contains only the identity element. We get an e-structure. The structure
By a Theorem of Kobayashi [16] , Corollary 2.3. In generic case, the symmetry group of a Lagrangian Engel structure acts freely on the underlying connected manifold.
Geometry of Lagrangian Engel Structures in Non-Generic Case
Now we will study the geometry of Lagrangian Engel structures in non-generic case. that fixes the symplectic structure and Engel structure. We can fix b 22 " 1 by this transformation.
ω 1 is uniquely defined by equation (14) .
By (14), there exist functions A 2 , A 3 and A 4 such that
Under a change of adapted coframing, a new coframingω satisfies
By comparing (15) and (16), A 3 is an invariant of Lagrangian Engel structures in the case p 3 " 0.
And note that by (15) ,
If A 3 "˘1, (16) is equivalent to
Thus by comparing (15) and (18), A 4 is an invariant of Lagrangian Engel structures.
Based on the invariants A 3 and A 4 in (15), we will prove the following theorem:
Theorem 2.4 (Lagrangian Engel Structures in Non-Generic Case).
1. On the domain where pA 3 " 0q or pA 3 ‰˘1 and A 3 ‰ 0q in (17), we get an e-structure that whose defining conditions are
where a, b, c are functions on M .
2. On the domain where A 3 "˘1 in equation (17), there are two cases depending on whether
(a) On the domain where A 4 " 0, the structure equation is
(b) On the domain where A 4 ‰ 0, the structure equation is
Proof. We consider the following 3 sub-cases:
From the second term of (21), by adding a multiple of ω 1 into ω 2 , we can arrange A 4 " 0. This yields b 21 " 0. Now
Equation (21) is equivalent to
From the second term of the right side of the above equation, by adding a multiple of ω 1 into ω 4 , we can arrange A 2 " 0. This yields S 12 " 0. Thus By (5), there exist functions q 3 and q 4 such that
By adding a multiple of ω 1 into ω 3 , we can arrange q 4 " 0. This yields S 11 " 0. Thus
There exist functions r 1 , r 3 and r 4 such that
By adding a multiple of ω 2 into ω 4 , we can arrange r 3 " 0. This yields S 22 " 0.
Now the structure group contains only the identity element, i.e., we have found an e-structure. In this case, the structure equation is
where A 4 is an invariant of Lagrangian Engel structures in the case A 3 "˘1.
We will consider the following 2 sub-cases:
Now A 2 is an invariant of Lagrangian Engel structures in this case. And
By (5), there exist functions q 3 and q 4 such that
By adding a multiple of ω 2 to ω 4 , we can arrange q 3 " 0. This yields S 22 " 0. By adding a multiple of ω 2 to ω 3 , we can arrange q 4 " 0. This yields S 12˘b21 " 0. And
There exist functions r 2 , r 3 and r 4 such that
The elements of the structure group are of the form
In this case, the structure group does not reduce to the trivial group. The structure group can be further reduced by considering the derivative of ω 3 and ω 4 . Now ω 1 is uniquely defined by (28) and ω 2 is uniquely defined up to an addition of a multiple of ω 1 by (29). Thus ω 1^ω2 is uniquely defined by (28) and (29). Therefore,
is uniquely defined.
case : A 4 ‰ 0 By (27), after adding a multiple of ω 2 into ω 4 , we can arrange A 2 " 0. This yields S 22 " 0. And
From this structure equation, q 3 is an invariant. By adding a multiple of ω 2 and ω 4 to ω 3 , we can arrange q 4 " 0. This yields S 12`b21 q 3˘b21 " 0.
Now ω 1 is uniquely defined by (31) and ω 2 is uniquely defined up to an addition of a multiple of ω 1 by (32). Thus ω 1^ω2 is uniquely defined by (31) and (32). Therefore,
case
By (16), after adding a multiple of ω 4 to ω 3 , we can arrange A 4 " 0. This yields b 21 " 0. Then
By adding a multiple of ω 2 to ω 3 , we can arrange A 2 " 0. This yields S 12 " 0. Then
By adding a multiple of ω 1 to ω 3 , we can arrange q 4 " 0. This yields S 11 " 0. Thus
By adding a multiple of ω 2 to ω 4 , we can arrange r 3 " 0. This yields S 22 " 0.
Classification of Homogeneous Lagrangian Engel Structures
In this section, we derive the structure equation of homogeneous Lagrangian Engel structures via equivalence method [3] . 
where a and b are constants.
Proof. Since the structure group of Lagrangian Engel structures is of the form (1), there exists Lie algebra-valued differential form
such that the structure equation can be written as
where γ ijk are torsion terms. By (3), there exist functions a 0 , a 3 , a 4 such that
and at least one of a 3 and a 4 is nonzero and a 0 ‰ 0.
By modifying the Lie algebra valued 1-forms π 4 , π 5 , π 6 and absorption of torsions, there exist functions S 1 and S 2 and 1-form τ such that
where τ " t 3 ω 3`t4 ω 4 for some functions t 3 and t 4 . Thus after this absorption of torsions, we get 0-adapted coframing such that
Since Ω is a symplectic form, dΩ " 0. By (40) and dΩ " 0, we get S 2 "´a 4 , S 1 " 0, t 3 " 0, t 4 " 0.
Now (40) is transformed into
Now we calculate the reduction of the group using the equivalence method. Calculate
Since at least one of a 3 and a 4 is nonzero, there are two cases: a 3 ‰ 0 or a 3 " 0.
case a 3 ‰ 0
We can scale a 3 " 1 and translate a 4 " 0. Then from (42)
This means π 2 , 2π 1´π3 are basic.
Since a 0 ‰ 0, we can scale a 0 " 1. Then
Thus from (43) and (44), we have
We can translate a 33 " 0. Then
We can translate a 23´a14 " 0. Then
and
We can translate a 12 " 0. Then
Now we get a canonical coframing and the G-structure is reduced to an e-structure. The structure 
where the nonzero terms of the right side of (45) 3.2 case a 3 " 0
We can scale a 4 " 1. Thus
We can translate a 32`a64 " 0. Then
There are 2 cases: a 63 ‰´2 or a 63 "´2.
1. case 1. a 63 ‰´2 We can translate a 34 " 0. Then
In summary, as long as a 13 ‰ 1 or a 63 ‰´2,
We can translate a 24 " 0. Then
Now we get an e-structure and a canonical coframing. In this case there are 2 different families of structure equations.
a 13 " 1 and a 63 "´2
In this case, we know that
and da 14 " 0 mod ω 1 , ω 2 , ω 3 , ω 4 .
I do not intend to finish the calculation of all invariants of Lagrangian Engel structures of this case. Since the goal is to classify compact quotients that support homogeneous Lagrangian Engel structures, I will prove that no compact quotients can support a homogeneous Lagrangian Engel structure of this case.
From the structure equation,
By Stokes's Theorem, there is no compact quotient that supports a homogeneous Lagrangian Engel structure when a 13 " 1 and a 63 "´2. In the following classification of compact homogeneous
Lagrangian Engel structures, we will not consider this case any more. Now we will classify homogeneous Lagrangian Engel structures. Assume all the coefficients in the structure equations are constants. By taking exterior derivative of the structure equation and setting all coefficients to zero, we can get quadratic equations of the constants. Via MAPLE, we can solve all the equations. The structure equations of homogeneous Lagrangian Engel structures are listed in the statement of the theorem.
For the case that a 13 " 1 and a 63 "´2, it remains to determine whether there exist homogeneous Lagrangian Engel structures. 
where b P R is a constant.
Proof. We will prove this theorem by analyzing each homogeneous case in Theorem 3.1 and determining whether there exists a compact quotient that can support the corresponding homogeneous Lagrangian Engel structure of one particular case.
Analysis of Case 1
The structure equation is
where a and b are constants. From the structure equation (46),
Thus if a ‰ 0, there is no compact quotient that can support a homogeneous Lagrangian Engel structure of case 1.
In the following, we only consider a " 0. Since dω 3 " 0 and dpω 4´b ω 1 q " 0, there exist functions
x and y such that
Proposition 4.2. If a " 0, there exists a compact quotient that supports a homogeneous Lagrangian
Engel structure of Case1 for any b.
We prove this proposition by considering different values for b.
Thus there exist functions u and v such that
Since ω 1^ω2^ω3^ω4 " dv^du^dy^dx , so x, y, u, v can be a local coordinate system for the homogeneous manifold. 
Define ω 0 " ω 1`ω4 ,ω 2 " ω 2`ω4 andω 4 " ω 2´ω4 . Then pω 0 ,ω 2 , ω 3 ,ω 4 q is a new coframing. In this new coframing, after dropping tildes, the structure equation is
Let
be a matrix-valued 1-form. Then from (54) dω "´ω^ω. 
Hence, N is a normal subgroup of H.
be a lattice of the normal subgroup N , to be determined later. We need to find a lattice L 2 of H{N such that the lattice of the group H is
From the multiplication rule of the group H, this is equivalent to γ v P L 1 for any γ P L 2 and any
Hence we need to find a 1 , a 2 , a 3 , a 4 P Z and c ą 0 and c ‰ 1 such that
where γ c is the linear transform with transformation matrix
Thus (62) is equivalent to
So we can choose any matrix S " ff . Thus
Then the lattice of the Lie group H can be
Thus for b ă 0, there exists a lattice Γ such that G{Γ -S 1ˆH {L is compact. Define X 1 " e 1`e4 , X 2 " e 2 , X 3 " e 3 , X 4 " e 1 , then the nontrivivial brackets are
By the classification results of [15] , there exists a co-compact lattice.
So if b ą 0, we get a compact quotient that supports a homogeneous Lagrangian Engel structure.
In summary, in case 1 we can get a compact quotient if and only if a " 0.
Analysis of Case 2
, where a and b are constants. We can assume b ‰ 0, otherwise, this is a special case of case 1.
From the structure equation, dpω 1^ω2^ω3 q " 2b ω 1^ω2^ω3^ω4 .
Since b ‰ 0, there does not exist a compact quotient that supports a homogeneous Lagrangian
Engel structure in case 2.
Analysis of Case 3
The structure equation is This is a special case of case 1 with a " 0. There exists a compact quotient for any b.
Analysis of Case 4
The structure equation is If a ‰ 0 or b ‰ 0, there does not exist a compact quotient that supports a homogeneous Lagrangian Engel structure in case 4. If a " 0 and b " 0, this is a special case of case 1 with compact quotients.
Analysis of Case 5
The , where a is a constant.
By the structure equation dpω 1^ω2^ω4 q "´2 ω 1^ω2^ω3^ω4 .
Thus there does not exist a compact quotient that supports a homogeneous Lagrangian Engel structure in case 5.
Analysis of Case 6
The structure equation is By the structure equation dpω 1^ω2^ω4 q "´2 ω 1^ω2^ω3^ω4 .
Thus there does not exist a compact quotient that supports a homogeneous Lagrangian Engel structure in case 6.
